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1 Introduction

In this research note we introduce a method to build volumetric hybrid meshes
suitable for finite element computations. Our work is motivated by meshing
problems encountered in geological modeling. Geological models are multi-
material models that can have a high number of interfaces, these interfaces
can come close to each other in certain zones and intersect at low-angles
defining thin features that may have an impact on large scale numerical simu-
lations. Generating a mesh that captures these thin features while controlling
the number and quality of its elements is of crucial importance for many appli-
cations such as assessing natural resources or evaluating environmental risks
and natural hazards.

We propose to adapt the elements of a tetrahedral dominant mesh to the
local model configuration by generalizing the Voronoi-Delaunay dual relation-
ship. The volume, defined by a set of triangulated surfaces, is sampled with a
given number of points that optimize a function based on Centroidal Voronoi
Tessellation (Sect. 3). From the Voronoi diagram of these points we identify
the zones that can be meshed with their Delaunay triangulation, and the thin
sections that cannot. The latter are filled with triangular prisms, square pyra-
mids, and tetrahedra (Sect. 4). Some examples of hybrid meshes generated by
the method are given in Sect. 5.

2 Goals

The input of our method is a set of triangulated surfaces defining a valid
boundary representation model. Among the surfaces, we distinguish those
constituting the external boundary, delimiting the zone of interest, from the
internal boundaries (optional), that are interfaces between the different mate-
rials. The external boundary must define the interior and the exterior of the
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Fig. 1. Top: 200 points randomly distributed inside 3 nested spheres, their Voronoi
diagram, its intersection with the external sphere and the Delaunay triangulation of
the points. Bottom: After the optimization of the point positions, the sampling of the
volume and the sampling of the spheres are isotropic, and the Delaunay tetrahedra
are well-shaped. Note that the density of points is not sufficient to recover the thin
layers sandwiched between the spheres. Our method uses prisms and pyramids to
recover them (see Fig. 2, 3, and further).

model. In the current implementation, we assume that all interfaces cut the
model into two parts.

The output of our method is a tet/prism/pyramid mesh that conforms to
the geometry of the input boundary surfaces and to their topological rela-
tionships. In other words, a high-quality triangular remesh of the boundary
surfaces appears as a subset of the facets of the volumetric elements. No pre-
liminary identification of thin sections is needed; the size and resolution of the
final mesh are controlled by the number of points (vertices of the final mesh)
allocated to sample the model.

3 Sampling the Domain and the Boundary Surfaces

The first main step of our approach is to sample adequately the model and its
boundary surfaces with a given number of points. A sampling, set of points
S, can be characterized by its Voronoi diagram that associates to each point
p € S a cell containing the points of the space closer to this point p than to
any other point of the sampling S. When each point of the sampling is at the
centroid of its Voronoi cell, the Voronoi diagram is a Centroidal Voronoi Tessel-
lation (CVT); and the dual Delaunay triangulation has well-shaped isotropic
elements [1] (Fig. 2). When each point of the sampling which Voronoi cell
intersects the surfaces is at the centroid of the intersection of its Voronoi cell
with the surfaces, we have a Restricted Centroidal Voronoi Tessellation.
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Our current strategy to sample the model and its boundaries is to ran-
domly distribute the points in the model, optimize their positions to obtain
a CVT using Lloyd relaxation and finally move the points near the boundary
to obtain a restricted CVT to the surfaces as in [3]. Further work is needed to
define a sampling quality relevant to the hybrid meshing method we propose.
It is a crucial point, since the quality and validity of the final mesh elements
depend upon it.

4 Hybrid Mesh Building

Once the points that define the vertices of the final hybrid mesh have been
adequately placed, we build the edges, facets and cells. We first generate
the triangular facets that remesh the model boundaries as in [2]. For each
connected component of the intersection between a Voronoi cell and the model
boundaries, we add one point; for each intersection between an edge of the
Voronoi diagram and the model boundaries we build a triangle linking the
points associated to the three neighboring restricted Voronoi cells (Fig. 2).

Then, the prisms filling the thin sections are built between the triangles
corresponding to two successive Voronoi edge-model boundary intersections
(Fig. 2). Pyramids and tetrahedra are also obtained in the thin sections if the
triangles defining the element share one or two vertices. After meshing the thin
sections, we build the Delaunay triangulation of the points whose Voronoi cells
do not intersect the model boundaries. The last elements to build are those
linking the thin sections and the zones filled by tetrahedra. We add one hybrid
cell for each vertex of the Voronoi diagram shared by 4 cells among which
at least one intersects the model boundaries. We determine successively the
vertices, edges, and facets of the cell to build from the intersections between
the edges of the Voronoi diagram and the model boundaries. In a simple case
the cell is a tetrahedron, but in a more complex configuration a post-processing
is necessary to divide that cell into prisms, pyramids and tetrahedra.

Fig. 2. Prism building in a thin section between two close spheres. The Voronoi
edges (black) and the intersections of the Voronoi cells with the spheres (grey) define
the triangles remeshing the spheres and the prisms to build in the thin section.
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5 Results

The first results of our meshing method applied to non-geological models are
promising particularly for smooth surfaces; meshes of the three nested spheres
(Fig. 3) reproduce boundary layer meshes at different resolutions, thin models
like the heptagonal toroid (Fig. 4) can be meshed with relatively few elements.
For surfaces with sharp angles, the placement of the points has a crucial
importance (Fig. 5), and the results could be improved by changing the point
sampling strategy. We need to adapt the evaluation of the point sampling
quality to our mesh extraction method and integrate it in the optimization of
the point positions. In the current implementation, we check the errors of the
meshing algorithm to assess the validity of the final mesh, this is indeed not
sufficient and we need to work on a thorough check of the mesh validity and
on an evaluation of the quality of its elements.
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Fig. 3. Hybrid meshing of the three nested spheres (Fig.2) at different resolutions.
The number of points used to sample the model (50; 200; 1000) determines the thin
features. At all resolutions, we recover the two thin sections.
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Fig. 4. Hybrid meshing of a smooth manifold surface of genus 22 with tetrahedra
(grey), prisms (white) and pyramids (black).
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Fig. 5. Hybrid meshing of models with sharp features. Thin sections are filled with
prisms, pyramids and tetrahedra.



