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Abstract. We proposed a new, easy-to-implement, easy-to-understand set of refinement 
templates in our previous paper to create geometry-adapted all-hexahedral meshes easily 
[Ito et al., “Octree-Based Reasonable-Quality Hexahedral Mesh Generation Using a New 
Set of Refinement Templates,” International Journal for Numerical Methods in Engineer-
ing, Vol. 77, Issue 13, March 2009, pp. 1809-1833, DOI: 10.1002/nme.2470]. This paper 
offers an extension of the template set to refine concave domains more efficiently. In addi-
tion, two new options, temporal rotation and temporal local inflation, are introduced to 
create hexahedral meshes with fewer elements for long objects or objects with thin regions. 
Several examples are shown to discuss the improvements of the mesh generation method. 

1   Introduction 

All-hexahedral mesh generation using an octree data structure is a promising ap-
proach to automatically create meshes for complex geometries. However, there are 
still several issues that need to be addressed for practical applications. 

The refinement of a hexahedral mesh with a concave refinement domain is a 
challenging problem because a resulting mesh must have only hexahedral ele-
ments without hanging nodes and the number of elements to be added must be mi-
nimized outside of the refinement domain. Several solutions have been presented 
before, using a combination of templates, and/or pillowing (also known as sheet 
insertion) techniques [1-7]. Schneiders et al. proposed the first template-based me-
thod in 1996, which has been used widely because of its simplicity to implement 
[1]. However, it can be applied to convex refinement domains only. To refine con-
cave refinement domains, many extra elements are needed outside of the domains. 
Although other template-based methods can be applied to concave refinement 
domains more efficiently, their implementation is neither easy nor clear, especially 
for multiple levels of refinement [2, 3]. The pillowing methods are not easy to im-
plement because generally sheets cannot be added locally. 

To overcome this problem, we have recently proposed a new, easy-to-
implement, easy-to-understand set of refinement templates as part of octree-based, 
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geometry-adapted hexahedral mesh generation [8]. Two new templates were de-
veloped for three-node (three nodes of one of the six quadrilaterals) and two-face 
(two quadrilaterals sharing an edge) refinement. The new template set allows re-
fining hexahedra individually and concave refinement domains can be refined ef-
ficiently. In this paper, we propose adding one more new template to the refine-
ment template set to improve the efficiency. 

Another challenging problem is how to keep the number of hexahedra minimum 
for complex geometries while their geometrical fidelity is kept. The alignment of 
hexahedra in an octree-based mesh mostly depends on the position of the initial 
octree. The easiest way to select it is by the use of an axial aligned bounding box 
around the input geometry. However, it tends to create more elements for long ob-
jects that do not align with the xyz axes. Objects with thin regions, such as skulls 
and hearts, need many elements to be represented by octree-based hexahedra with-
out holes. We propose two mesh generation options to relieve this problem. 

The reminder of the paper is organized as follows. In Section 2, the new tem-
plate set is introduced. In Section 3, new options added to our hexahedral mesh 
generator are introduced to create meshes with fewer elements for complex geo-
metries. In Section 4, examples are shown to demonstrate our mesh generation 
method. Finally, conclusions are given in Section 5. 

2   Refinement Templates 

Figure 1 shows the new set of templates for edge (Figure 1a), face (Figure 1b), vo-
lume (Figure 1c), three-node (Figure 1d), two-face (Figure 1e) and opposite-edge 
(Figure 1f) refinement. The templates for edge, face, volume, three-node, two-face 
and opposite-edge refinement are represented as T2(ABCDEFGH), T4(ABCDEFGH), 
T8(ABCDEFGH), T3(ABCDEFGH), T6(ABCDEFGH), and T4o(ABCDEFGH), re-
spectively. The underlines indicate nodes to be refined, which correspond to the black 
points with white letters in Figure 1 (hereafter referred as marked nodes). Only the 
main structures of T3, T6 and T4o are shown in Figure 1 to simplify the drawing. T2, T4 
and T8 are from pillowing [4, 5]. T3 and T6 are proposed in [8]. T4o is a new template 
proposed in this paper. 

To obtain T3, the hexahedron is first divided into six base hexahedra as shown in 
Figure 1d. T2 is then applied to two hexahedra: T2(ABJIEFNM) and T2(DAILHEMP). 
The other four hexahedra, CDLKGHPO, BCKJFGON, IJKLMNOP and 
MNOPEFGH, are used as is. 

To obtain T6, the hexahedron is first divided into five base hexahedra as shown in 
Figure 1e. T2 is applied to two hexahedra: T2(BFGCJNOK) and T2(HDCGPLKO). T4 
is applied to two other hexahedra: T4(AEFBIMNJ) and T4(DHEALPMI). The hex-
ahedron in the center, IJKLMNOP, is used as is. 

To obtain T4o, the hexahedron is first divided into seven base hexahedra as shown 
in Figure 1f. T2 is applied to four hexahedra: T2(ABJIEFNM), T2(ABCDIJKL), 
T2(GHPOFEMN) and T2(GHDCOPLK). The hexahedron in the center, IJKLMNOP, 
is used as is. 
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Fig. 1. New set of refinement templates for (a) edge (T2), (b) face (T4), (c) volume (T8), (d) 
three-node (T3), (e) two-face (T6) and (f) opposite-edge refinement (T4o). Note that d, e and 
f only show the main structures of our new templates. 

Table 1. Number of hexahedra in each of the six refinement templates 

Templates T2 T4 T8 T3 T6 T4o 

# of hexahedra 5 13 27 14 37 23 

 
We can consider that those three templates, T3, T6 and T4o, are created by mul-

tiple application of sheet insertion. Table 1 shows the number of hexahedra in 
each of the six templates. Table 2 shows a conversion table for possible refine-
ment patterns and corresponding refinement templates. This conversion table is 
based on Candidate 2 in [8] to use the new opposite-edge refinement template. Let 
us think about default templates for quadrilaterals to understand the conversion ta-
ble better. If a quadrilateral has only one marked node (Figure 2a) or two marked 
nodes that are in opposite corners (Figure 2b), it is not refined. If a quadrilateral 
has two neighboring marked nodes (Figure 2c), three marked nodes (Figure 2d) or 
four marked nodes (Figure 2e), it is refined using TQ2(ABCD), TQ3(ABCD) or 
TQ4(ABCD), respectively. Patterns 1, 2B, 2C, 3C and 4F shown in Table 2 are not 
refined, and one of the marked nodes in Pattern 3B or 4D is ignored, accordingly. 
Although the marked nodes are not always refined, the conversion table works  
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well most of the time because those refinement patterns appear only on the verge 
of the domain to be refined. 

All the templates need new nodes. Their positions must be determined consis-
tently and easily such that subdivided hexahedra are in good quality. Note that ini-
tial hexahedra are not necessarily cubes but can have low minimum scaled Jaco-
bian values, e.g., the base hexahedra in T3, T6 and T4o to which T2 or T4 is applied. 
Let us think about how to calculate the positions of the new nodes in T8 because 
those in the other templates are calculated in the same way. Let  be the coordi-
nates of node i. Two nodes added between any edge are calculated as its trisection 

points. For example, the two nodes between edge AB are obtained as  and 

. Each of four nodes added on any quadrilateral is calculated as the center of 

its any three nodes. For example, the four nodes on quadrilateral ABCD are ob-
tained as , ,  and . Eight nodes added inside T8 

are calculated as the trisection points of the four diagonal lines: AG, BH, CE and 
DF. 

3   Options for Hexahedral Mesh Generation 

To create hexahedral meshes efficiently for complex geometries, the following 
two options have been added to our mesh generation method: temporal rotation 
and temporal local inflation. 

3.1   Temporal Rotation 

Surface models are not always axially aligned, i.e., their oriented bounding boxes 
(OBB) do not always align with the xyz axes. This means that the coordinate sys-
tem of an octree needs to be selected carefully. The temporal rotation option is 
useful to create a mesh with fewer elements with the same resolution for a long 
object. 

Figure 3 shows an example of a pediatric left humerus model. There are two 
bounding boxes in Figure 3a: the axial aligned bounding box (AABB; black) and 
the oriented bounding box (OBB; red) calculated based on the covariance matrix 
from vertex coordinates [9]. Our mesh generation method creates octants aligned 
with the AABB by default (Figure 3b). When the temporal rotation option is 
turned on, octants are automatically aligned with the OBB (Figure 3c). Fewer 
elements are needed with the same resolution. The quality of the meshes is almost 
the same. The lowest minimum scaled Jacobian of the hexahedra in the two mesh-
es is 0.37. No adaptation is applied in this case. 

3.2   Temporal Local Inflation 

The temporal local inflation is a helpful option to represent thin regions with a 
fewer number of hexahedra. Suppose the local thickness of a surface model is    
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4.1   Ramses Model 

Figure 5 shows hexahedral meshes for a Ramses model from the AIM@SHAPE 
Shape Repository. The initial octree was refined equally so that the size of octants 
becomes approximately 23 and then was locally refined three times based on α 
proposed in [8] (α = 50°). Figures 5a and b show a mesh using the new template 
set, which has 2.14M elements. Figure 5c shows a mesh using the previous tem-
plate set (without T4o), which has 2.20M elements (2.8% more). Compared to the 
previous template set, the new set usually reduces the number of elements by a 
few percent while keeping almost the same or slightly better mesh quality. The ac-
tual reduction depends on each case, especially on the complexity of the refine-
ment domain. The meshes shown in Figures 5b and c are similar except around the 
right eye. 

Figure 6 shows the distribution of element quality of the two hexahedral mesh-
es by the scaled Jacobian metric. The lowest minimum scaled Jacobian values are 
0.015 for the mesh using the new set and 0.00079 for the mesh using the previous 
set. The two meshes have a small number of low quality hexahedra, but their 
overall quality is good. 

4.2   Pediatric Brain Model 

Figure 7 shows a hexahedral mesh for a pediatric brain model using the new set of 
the refinement templates. The initial octree was refined equally so that the size of 
octants becomes approximately 2.7, and then was locally refined twice based on α 
= 60°. The mesh has 340,917 hexahedra and is nicely adapted to the geometry. 
The lowest minimum scaled Jacobian of the hexahedra is 0.10. If the previous 
template set is used, a mesh with 355,904 hexahedra (4% more) is created. 

4.3   Three-Year-Old Child Model 

Figure 8 shows a hexahedral mesh for a three-year-old child model. Part of the 
components, left humerus, skull and brain, is already shown in Sections 3.1, 3.2 
and 4.2, respectively. A hexahedral mesh is created for each of the body compo-
nents separately using the new set of the refinement templates to apply the tem-
poral rotation option to long bones and/or to apply the temporal local inflation op-
tion to components with thin regions. The final mesh has 2.79M hexahedra. 

5   Conclusions 

An octree-based mesh generation method has been developed to automatically 
create all-hexahedral meshes for complex geometries. An improved set of refine-
ment templates allows the generation of geometry-adapted meshes with fewer 
elements while keeping almost the same or slightly better mesh quality. Two new 
options, temporal rotation and temporal local inflation, are useful to create meshes 
for long objects or thin regions. The capability of our mesh generation method is  
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demonstrated using a few triangulated surface models. The resulting meshes do 
not have any negative Jacobian elements even for complex geometries, and the 
quality of the meshes is good. 
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