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ABSTRACT

Riemanniammetrictensorsareusedto controltheadaptatiorof meshedor nite elementand nite volumecomputationsTo study
the numerouametric constructionand manipulationtechniquesa nev methodhasbeendevelopedto visualizetwo-dimensional
metricswithout interferencefrom ary adaptatioralgorithm. This methodtracesa network of orthogonaltensorlinesto form a

pseudo-meskisually closeto a perfectlyadaptedneshbut without mary of its constraints.Although the treatmentof isotropic

metricscouldbeimproved,bothanalyticalandsolution-basednetricsshav theeffectivenessandusefulnessf thepresentethod.
Possibleapplicationgo adaptve quadrilaterabndhexahedraimeshgeneratiorarealsodiscussed.
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1. INTRODUCTION

Symmetricsecond-ordetensordatafrequentlyarisesfrom
medical and engineeringapplications. Classicalexamples
are diffusion tensorsfrom Magnetic Resonancdmaging
(MRI) and stresstensorsfrom solid mechanics. Lately,
Riemannianmetric tensorshave also beenusedto control
meshadaptatiorfor nite elementand nite volume com-
putations[1-3]. Numerousmethodshave beendeveloped
to constructand manipulatethose metrics. For example,
the Hessianof a computedeld canbe usedto constructa
metrictensorfor solution-adaptie remeshingWhenno so-
lution is yet available, metricsbasedon the computational
domaingeometrycan be usedinstead[4]. Userspeci ca-
tionscanalsobeformulatedasmetrictensorsandcombined
with solution-basedaind geometricmetrics. The resulting
tensorsmay, however, prescribeabruptsize variationsthat
a properconformalmeshcannotpossiblyreproduce.Post-
processingnethodshave thusbeenproposedo smoothsuch
metricsandimprove meshgradation[5, 6]. Many variations
exist on thesemetric constructionand manipulationmeth-
ods. Thereare indeedseveral alternatvesto computethe
solutionderiatives, particularlyat domainboundariesand
formtheHessiamatrix. Similarly, thegeometrideaturesof
thedomain,suchasits localthicknessaandcurvature,maybe
combineddifferently thanin [4] to obtaina geometricmet-
ric. Theinterpolationitself of adiscretemetriccanalsovary
to favor biggeror smallerelementdor example[7]. Metric
visualizationwould beaninvaluabletool to studytheimpact
of thesedifferentalternatves. Although a perfectlyadapted
meshis indeedanindirectvisualizationof the tamget metric,
it is biasedby the adaptatioralgorithm. Furthermoresuch
an a posterioriapproacltcannotbe usedto evaluatebefore-
handthefeasibility of agivenmetric,i.e., whetherit is theo-
retically possibleor not to generatea propermeshperfectly

adaptedo this metric. A moredirectvisualizationmethodis
thusneeded.

Comparedo scalarsandvectors,tensor elds arestill chal-
lengingto visualize. Tensorsaarematrix valuedfunctionsand
their individual componentsanbe visualizedseparatelyas
scalars.However, it is dif cult to gaininsighton the struc-
tureof the eld from multiple scalarplots. Furthermorethe
matrix componentsare strongly dependenbn the orienta-
tion of thereferencecoordinatesystem.A betterdecompo-
sition is basedon the tensors eigensystem.For example,
iconic methodsplot, at discretelocations,elliptical or ellip-
soidalglyphsre ecting thelocal magnitudeof the eigerval-
uesaswell astheorientationof thecorresponding@igervec-
tors. Suchadiscontinuousnformationis, however, dif cult
to interpolatevisually in orderto assesshe global structure
of thetensor eld. An alternatve is to usetensorlines [8]
or hyperstreamlinef9], i.e., streamlineequivalentsbut tan-
gentto the tensors eigervector elds. To avoid cluttering
the domain,a smallandcarefully chosensetof tensorlines
originating from specialdegeneratepoints can be usedto
extract a topologicalskeletonof the tensor eld [10]. No
single method,however, hasyet coveredall the aspectof
the complex natureof tensor elds andnewv methodsappear
regularly. Somesimulatethe deformationof a continuous
mediumunderstresg11], othersusedirectvolumerender
ing techniqueq12] for example. Choosingthe bestoneis
contet dependent.

For metrics,amesh-like approachs probablythe mostintu-
itive. Thatis why the proposednethodsaturateshedomain
with tensordinesto mimic aperfectlyadaptedneshbut with-
out mary of its constraintdike continuity and conformity.
Sucha pseudo-mesfs not biasedby ary adaptatioralgo-
rithm andcanbe constructedavenif a propermeshcannot.
Thetensorline placementechniqueis very closeto theone



usedby Alliez etal. [13] for their polygonalsurfaceremesh-
ing algorithm. However, insteadof a surfacecurvatureten-
sor, anadaptatiormetrictensoris considered Furthermore,
tensorlines are spaceda unit metric distanceapartlike the
verticesin anadaptednesh.

After explaininghow ametrictensoris usedto adapimeshes,
the presentpaperdescribesthe constructionof a pseudo-
meshto visualize sucha metric. Analytical and solution-
basedmetricsillustrate the effectivenessand usefulnesof
the method. Only two-dimensionalmetricsare considered
in the presentstudy but future developmentscould include
a three-dimensionatéxtensionas well asthe generationof
propermeshedrom pseudo-meshes.

2. MESH ADAPTATION CONTROL METRICS

Accuray of nite elementand nite volume methodsis
stronglydependenbn the quality of the domaindiscretiza-
tion and, more precisely its mesh. Control of the size,
stretchingandorientationof the meshelementss thuscru-
cial andcanbe donethroughmeshadaptatiorf{1-3]. To de-
couplethe actualadaptatioralgorithmfrom the targetmesh
speci cations the processanbecontrolledusingthe metric
of thetransformatiorthatmapsa perfectmeshelementinto
a unit squarefor quadrilateralmeshesor a unit equilateral
trianglefor simplicial ones.

2.1. De nition

In two dimensionssucha Riemanniarmetric tensoris de-
ned at every point of the domainby a2 2 symmetric
positive-de nite matrix M . This matrix canbe factoredas
the productof a rotation matrix R and a diagonalscaling
matrix

M = RR"*

2 T
= e M hfz g o
Thecolumnsof R aretheeigervectorsof M andcorrespond
to two prescribeddirectionse; ande,. SinceR is orthog-
onal,its inverseR ! is equalto thetransposednatrix R T .
Thediagonaltermsof aretheeigervaluesof M andcor
respondo the inverseof the squaredametsizesh; andh;
alongthe prescribeddirectionse; ande,. This metric can
beinterpretedasthetransformatiorthatmapsanellipseto a
unit radiuscircle (Fig. 1). Theaxesof this ellipsearegiven
by the eigervectorsof thematrix M andits eigervaluesare
re ectedin thewidth andheightof theellipse.

Mesh adaptatioralgorithmsperformlocal or global opera-

physical space control space

Figure 1: Geometric interpretation of a Riemannian metric.

tions to enforcethe tamet size, stretchingand orientation
prescribedby the control metric. An importantparameter
usedby thosealgorithmsis the metriclengthbetweerpoint

A andpointB

IXe = (Be Pa)TM(p)(Ps  pa)dt (2

wherep denotespositionvectorandp: = pa+t(ps Ppa).
It hasbeenshawvn thattheadaptatiorprocesss equivalentto
requiringall the meshedgedo have aunit metriclength[2].
That is why perfectly adaptedmeshesare said to be unit
meshes.

2.2. Construction

To concentratelementsn critical regions,suchcontrolmet-
rics cancomefrom mary sources.They canbe givenana-
lytically or deducedrom thegeometrigpropertiesof thedo-
mainto mesh [4] for example,but are usually constructed
from a posteriori error analysis. The approximationerror
betweenan exact solutionu anda computed nite element
solutionuy, is dif cult to estimaten generalbut, according
to Céas lemma,it is boundedby the interpolationerror for
elliptic problems[14]. Practically this relationholdsfor a
large classof problemsandthe interpolationerror is com-
monly usedasan error estimatorfor adaptve meshgenera-
tion. If the solutionin ann-dimensionakpacds considered
asanhypersurtceof dimensiom + 1, suchanerrorcanbe
geometricallyinterpretecasthe gap betweerthe surfaceand
its piecawiselinearinterpolation7]. Thelocal meshdensity
necessaryo achie/e a prescribederror level is thusrelated
to the cunvatureof this surfaceand,therefore the Hessiarof
thesolution,i.e., its secondrderderivatives
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Since@un=@@ = @un=@ @, this matrixis symmetric
andcanbedecomposeds
H = RR!
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whereR is the Hessiars eigervector matrix and  is its
diagonaleigervalue matrix. The correspondingadaptation
metricis

M = R7R*
1 0 eI
= € 5
1 € 0 - e; (5)
where™ = min max Cj ij;hy5 ;h,2 andthetar
getsizealonge ish; = 7 %2 Notealsothathma and

hmin arethe maximumandminimum allowabletamgetsizes
while the constantC controlsthe level of error and,conse-
quently the nal numberof meshelements.

3. VISUALIZATION METHOD

Streamlinesare well known tools for visualizing the struc-
ture of avector eld. They aregeneralizedo secondorder



tensor elds by tensorlines[8] or hyperstreamline§d] tan-
gentto the tensors eigervector elds. The presentvisual-
izationmethodformsa pseudo-meshy tracinga setof ten-
sorlinesfor eacheigervector eld andis very similarto the
polygonalsurfaceremeshingechniqueproposedoy Alliez

etal.[13]. However, insteadof acurvaturetensorthe metric
tensoris usedto generatahe two orthogonalketsof lines of

the pseudo-meshiNeverthelessif the solutionto which the
meshhasto be adapteds consideredisa hypersurcethen
its Hessian,andthusthe metric, is relatedto the curvature
of this surface. The presentmethodis thereforea natural
extensionof thealgorithmpresentedy Alliez etal.

3.1. Tensor Field Decomposition

A two-dimensionaimetric tensor eld canbe decomposed
into a majoranda minor eigervector eld. The major eld
correspondso the eigervectorswith the biggesteigervalues
andthe minor to the smallestones.To computethose elds
from themetricM atevery pointof thedomain thedeviator
D canbede ned[15]

— 1 —
D=M Etr(M)l- (6)

wheretr( M ) denoteghetraceof M andl is theidentity
matrix. Theeigervaluesarethencomputedas

p
2= (M) 2w 2 ™
while theeigervectorsaregiven by

&5
jigdii

€ =

(8)

where

&2 = P—1—
andthesubscriptd and2 correspondo themajorandminor
elds respectiely, i.e., 1 2.

Notethatmetricsconstructedrom a posteriorierroranalysis
are usually discreteand de ned only at the verticesof the
computationalmesh. Term-by-termlinear interpolationis
usedto computeM within eachmeshelementandD is then
computedrom theinterpolatedM .

Furthermore the tensorD representghe deviation of the
metric from isotropy, i.e., 1 = 2 which implies
= = 0. Isotropictensorsare degeneratecases
whereno major or minor eigervector canbe distinguished.
They correspondo umbilic pointsfor the curvaturetensor
onathree-dimensionadurfaceasnotedby Alliez etal. [13].
Whetherfor curvature or metric tensors,isotropic regions
areimportanttopologicalfeaturesof the tensor eld. Spe-
cial tensorlines called separatricesriginate from isolated
isotropicpointsandeffectively divide the domaininto non-
degenerateregions. The set of separatriceconstitutesa
topologicalskeletonof the tensor eld [10]. Locatingsuch
isolatedisotropicpointsfor metricslinearly interpolatedon
triangularmeshescan be done by looping throughall the
meshelementsandsolvinga2 2 linearsystem.However,

metricscan also be isotropic along lines and in whole re-
gions. Although not generallyprevalent, suchregions are
problematicand must be detectedbecausehe presentvi-

sualizationmethodcannotbe applied directly there. Sev-

eraltechniquesreproposedn Section4 to dealwith those
isotropicregions.

3.2. Tensor Line Integration

To plot linestangento the metriceigervector elds, atech-
nigue analogougo streamlineintegrationis used. Starting
with a seedpoint, the metric eld is interrogated,the local
tensoris decompose@nd the tamget eigervectoris usedto
adwanceto anew point. A fourthorderadaptve Runge-Kutta
integrationschemes used[16]. However, sinceeigervec-
torsareactuallydeterminednoduloa non-zeroscalarcoef-
cient, they only have directionbut neithernormor orienta-
tion. Thosequantitiesareneededor theintegrationprocess
andhave to be somehw arti cially speci ed. Thenormv
usedby Tricoche[15] is givenby

v= %+ 2=%(1 2)? )

However, theeigervaluesof themetrictensorausedfor mesh
adaptationvary widely as the squaredinverseof the pre-
scribedtamgetsizesandcancausenumericalproblems.That
is why thefollowing normalizedv wasusedinstead

2

1 2
V= 10
o, (10)

Furthermorenarti cial orientationis choserby assuming
locally smoothvariationof theeigervector elds. Of thetwo
possibleorientationsat eachnew tensorline point, the one
formingtheminimumangle with theorientationatthepre-
vious pointis taken (Fig. 2). This smoothvariationhypoth-
esisbreaksdown neardegeneratepoints. Thoseisotropic
pointsconstitutebifurcationswherethe eigervectorsarenot
de ned, i.e.,they cantake ary direction.Thearti cial veloc-
ity normyv is, however, equalto zeroin thoseregionsandthe
integrationprocessasto be stoppecdanyway.

3.3. Pseudo-Mesh Generation

To gain insight on the structureof the metric eld, the do-
mainis saturatedvith tensorlinestangento thetwo eigen-
vector elds. Thedistancebetweemairsof linesin thesame

o \targelellipse

Figure 2: Tensor line integration.



eld shouldbe ascloseaspossibleto a unit metric length.

Theresultingnetwork of linesconstitutea pseudo-mesthat
is visually closeto a perfectlyadaptednesh but withoutary
continuity or conformity constraintsandis thuseasyto in-
terpretin ameshgeneratiorcontext.

To achieve sucha saturationtensotinesareintegratedfrom
seedpoints until they eitheraretoo closeto existing lines
in the sameeigervector eld, leave the domainor reacha
degeneratésotropicregion. Notethat,to make the nal net-
work of tensorlines ascloseaspossibleto an actualmesh,
the proximity checksusedto stop the integration are per
formedonly within a smallangularrange , perpendicular
to the integratedline (Fig. 3). A valueof 20 degreesfor
was usedin practice. Furthermore,an Alternating Digital
Tree(ADT) [17] is usedto accelerateghoseproximity tests
andeacheigervector eld is treatedndependently

The seed generationand selection process, inspired by
streamlingplacemenmethodq18,19], is critical in ordering
theintegrationof thetensorlines. The rst linesto be plot-
ted will indeedbe the longestandthus shouldbe the most
important. Any isolateddegeneratepoint is insertedin an
initial setof seedpoints.By de nition, anin nite numberof
tensorlines go throughthosepoints but the mostimportant
onesaretheseparatricedDegeneratgointscanbeclassi ed
by their numberof separatricesiwedgeshave only onesep-
aratrix while trisectorshave three. For linear tensor elds,
the departingangle of thoseseparatricegan be computed
usinga third-orderpolynomialequation[15]. A tensorline
cantheoreticallybe integratedfor eachpair of degenerate
point and separatrixangle. Onceall the degeneratepoints
have beerprocessedyotentialseedsreplacedalongsidehe
separatriceskor eachintegratedtensorline point, two seed
pointsareplacedperpendicularlyto theline at a distanceds

[ forbidden zone

Figure 3: Proximity check.

tensor line point

seed point

Figure 4: Seed point placement.

Algorithm 1 Tensodine saturation

input: setof potentialseeds
repeat
chooseaseed
integratetensorine from this seed
discardold seedgoo closeto thenew tensorline
addnew seedsalongthenew tensorline
until no morepotentialseeddeft

(Fig. 4). Using this initial setof non-dgeneratepotential
seedpoints,the domainis saturatedvith tensorlines using
Algorithm 1. Notethat, for thosenon-dgenerateseedstwo
half-lines are actually integrated: one along eachpossible
orientationof the local eigervector Oncea new tensorline
hasbeenintegrated the next seedto be processeds theone
thatbest ts thelocal requirementsi.e., unit metricdistance
to the closestline in the sameeigervector eld. Beforeter
minatingthe plotting processthe domainis interrogatedat
randompoints. If saturationis notadequatdocally, i.e., the
randompointis fartheraway thana unit metriclengthto the
closestline in the sameeigervector eld, thenthis pointis
addedto the setof seedsand Algorithm 1 is restarted.This
lastcheckusuallyresultsin only a handfulof new lines.

Finally notethatd, (Fig. 3) andds (Fig. 4) shouldcorre-
spondto unit metric distances.Sucha unit distancecanbe
approximatedy the locally prescribedamet sizeh in the
directionof theeigervector eld perpendiculato theconsid-
eredone. However, topdecreaséragmentatiomf thetensor
lines,d, wassettoh="2andds to~ 2h. Thosevaluesmir-
ror the re nementand coarseninghresholdsusedon mesh
edgesn simplicial adaptation.

4. RESULTS AND DISCUSSION

Thepresentwisualizationmethodhasmary adventagesver
traditionaliconictensorvisualizationbut alsohassomelimi-
tations.Toillustratethem,bothanalyticalandsolution-based
metricsarevisualizedusingpseudo-meshes.

4.1. Analytical Metrics

The rst caseis anisotropic metric commonlyusedto test
meshadaptatioralgorithms[2]

M =h 2| (11)
whereh is givenby
g 1 19y=40 if y 2 [0;2];
ho 2007 9% ify2 ]2,45];
T > 50 )5 ify2 1457

1=5+ (y 7)*=20 ify2 17;9:

However, as mentionedin Section3, isotropic metricsare
considerediegenerat@andcannotevisualizedby thepresent
method. Thatis why the de nition of this metric hasbeen
modi ed to make it slightly anisotropicasfollows

2 1 0



PNPNPND /\l /[/\l PN

T T T
t HH

REEN

|

I

Ml

Figure 5: Visualization of the isotr opic metric given by Eq. (12). From left to right:

iconic visualization; adapted triangular

mesh [20]; adapted quadrilateral mesh [21]; pseudo-mesh visualization.

A small doesnot disturbthe structureof the eld but en-
ablesthe algorithmto distinguishtwo differenteigervalues
andthustracetensorlines. A valueof 0:01, corresponding
to a onepercentdifferencebetweenthe horizontalandver
tical target sizes,was usedto generatehe pseudo-mesin
Fig. 5. Notethat,since,by constructionanon-zero results
in a slightly anisotropicmetric everywhere,no degenerate
isotropic point exists to initialize the tensorline saturation
processand randomseedswere usedinstead. For compar
ison, an iconic visualizationas well asthe nal triangular
andquadrilaterabhdaptedneshegorrespondingo thesame
metric,but with  setto zero,arealsopresentedTheiconic
visualizationre ects thelocal targetelementsizeat discrete
pointsof the domainwith theradiusof its circles,but gives
little information on the structureof the metric eld. The
triangularadaptednesh,on the otherhand,corveys a more
continuousvisual representatiorf the metric. The struc-
ture of the metric eld re ected by this meshagreeswith
the pseudo-meslvisualizationand con rms that introduc-
ing asmall doesnot disturbtoo muchthis eld. Suchan
approackcannotbe usedsystematicallyto remove isotropic
regionsbut, asshawvn in Sectiord.2,thoseregionsarerather
exceptionalin practical solution-basednetricsand can be
removed by appropriatesmoothing.

Althoughanadaptedneshis a goodway to visualizea met-
ric a posteriori thequality of suchavisualizationis strongly
dependenbn the performanceof the adaptatioralgorithm.
Furthermoremetric visualizationshouldbe possiblebefore
ary adaptationto determineif a perfectunit meshis even
feasible. Take for examplethe adaptedguadrilateralmesh
presentedn Fig. 5. This quadrilateraimeshdoesnot com-
ply aswell asthe triangularmeshto the prescribedmetric
becausehe particularcubicaladaptatioralgorithmthatwas
usedcanonly re ne but neithercoarsemor reconnectun-
like the simplicial one[21]. A metricvisualizationthrough
sucha meshis thusbiasedby the adaptatioralgorithm. An

even more importantproblemis that a quadrilateralmesh
perfectlyadaptedo themetricgivenby Eq. (12) is impossi-
ble ascanbeseenin its pseudo-meshisualization.Thepre-
scribedsize transitionscan indeedonly be achiezed using
hangingnodesor non-quadrilateraélements.This demon-
strategheutility of the presenwisualizationmethodto eval-

uatemeshadaptatiorcontrolmetrics.

Using pseudo-meshdsas,however, somecaveats. First of

all, althoughthey arenotbiasedby anadaptatioralgorithm,
they do not exactly re ect a perfectunit meshin the metric
space.Approximationshave indeedbeenintroducedin the
metriclengthcomputatiorandtensorinesarenotplacedex-
actly atunit metricdistancesThisresultsin somestraylines
hereandthere. However, this compromises necessaryo
minimizefragmentatiorof thelinesandimprovevisualclues
on the overall structureof the tensor eld. On average the
spacings closeto unity andthe pseudo-meshemreasclose
to a unit meshas possible. Furthermore sincea pseudo-
meshdoesnot have to comply to the usualconstraintsof a
mesh suchasconformityandcontinuity, it canbe generated
evenif apropermeshcannot.

Thesecondanalyticalcase presentedh Fig. 6, is alsoaclas-
sic but an anisotropicone [2]. It will be usedto illustrate
how the presentvisualizationalgorithm treatsnon-isolated
degeneratgointsandis givenby

(13)

whereh; andh; arecomputedasfollows
8

3 1 19x=40 if x 2 [0;2];
_ o208 M= if x 2 ]2;3:5];
hy = (7 2x)=3 . B BT
3 5 if x 2 13:5;5];

" 15+ (x  5)*=20 ifx 2 ]5;7];

g 1 19y=40 ify2 [0;2];
ho 202y 9=5 ify 2 12;4:5];
*T 3 50 w5 ify2 1457

1=5+ (y 7)*=20 ify2 17,9

Thismetricpresentasetof degeneratéineswhereh; = h;
(Fig. 7). Locatingthosedegeneratdinesautomaticallyis not
trivial. Furthermorethey arenottensorlinesandthuscan-
not be visualizeddirectly by the presentmethod. However,
sincethey actuallystoptensoriline integration,they abruptly
disruptthetensorine network giving therebyisualclueson
theirlocationasshavn in Fig. 6. Again,aniconic visualiza-
tionandthe nal triangularandquadrilaterahdaptedneshes
are presentedn additionto the pseudo-meshisualization.
Theelliptical iconsre ect theprescribedsize,stretchingand
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Figure 6: Visualization of the anisotr opic metric given by Eq. (13). From left to right: iconic visualization; adapted triangular
mesh [20]; adapted quadrilateral mesh [21]; pseudo-mesh visualization.

orientationof the target meshelements.Using the pseudo-
meshas a reference,the quadrilateralmesh seemsbetter
adaptedo this particularmetricthanthetriangularone. This

is dueto the axis alignmentof the prescribedmetric topol-

ogy. Theadaptedjuadrilaterameshdoesnot, however, give

ary clueonthelocationof the degeneratasotropiclines.

Finally notethat, again, no isolateddegenerategoint exists
for this metricandrandomseedswvereusedto initialize the
pseudo-meshenerationNote alsothat,nearthedegenerate
lines,the majorandminor eigervaluesswitchandneighbor
ing perpendiculalinesbelongto the sameeigervector eld.
This defeatsthe perpendiculaproximity checksand stops
line integrationprematurelyexplaining somefragmentation
nearthosedegeneratdines.

4.2. Solution-Based Metrics

Analytical metricsaresomavhatarti cial butallow theillus-
tration of thealgorithmbehaior in extremeconditions.The
following metricsaremorerepresentate of realworld cases
and are constructedrom the Hessianof a numericalsolu-
tion. In thosemetrics,exactly isotropicregionsarerarebut

Figure 7: Degenerate isotr opic lines for the metric given
by Eq. (13).

almostisotropiconesarenot andisolateddegeneratepoints
areaplenty Furthermorethesedegenerataegionstendto
beunstableandcanberemovedwith a slight perturbatiorof
themetric eld suchasasmallamountof smoothing.

Figure 8 plotsiso-Machlines for the steadylaminar super
sonic o w aroundaNACA 001 2airfoil for anangleof attack
of 10 degreesaReynoldsnumberof 1000andaMachnum-
berof 2:0. This gure alsopresentshe pseudo-meskiisual-
ization of the target metric constructedrom the Hessianof
the solutionMach eld aswell asthe resultingadaptedtri-

angulamesh.The pseudo-mestvasgeneratean aslightly
smoothedmetric to minimize degenerataegions. A simple
term-by-termLaplacianlik e operatowasusedon the back-
groundtriangularmeshemployed as a supportmediumfor

themetric

P
M n M ,n =|ij

1 _ j J
M =M+t 1P =
j

(14)

wheren is an iteration counter j denotesall the vertices
sharingan edgewith vertex i, lj; is the Euclideandistance
betweeni andj while ! is arelaxationfactor To try to
avoid disturbingthe metricasmuchaspossible only 10 it-
erationswith arelaxationfactorof 0:1 wereperformed Fig-
ure9 plotsthepseudo-meshegeneratedor theoriginalmet-
ric andthe smoothedne. Note the blank region upwind of
the detachedow shock. In a supersonico w, thereis little
variationin thisregionandthemetricprescribesiniformele-
mentsof sizehmax there.Suchanisotropicregionis impos-
sibleto visualizedirectly with the presentmethod.However,
thisregionis next to ananisotropiconeandis very unstable.
A smallamountof smoothingmakesit anisotropicenough
for thealgorithmto tracetensorines.

However, caremustbetakento avoid contaminatinghemet-

ric with too muchsmoothing Figure10 present@anotherex-

ampleof laminarcompressibleo w arounda NACA 0012
airfoil but this time for unsteadytransonicconditions,i.e.,

a zeroangleof attack,a Reynolds numberof 5000 and a

Mach numberof 0:85. The sameamountof smoothingwas
usedon the metric beforegeneratingts pseudo-meskisu-

alization. Although the overall structureof the metric was
capturedsomefeaturesn thesmoothednetricasvisualized
by thepseudo-meshave beenslightly washedutcompared
to the correspondin@daptedriangularmesh. Look in par

ticular atthethicknes=f theshocks.
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Figure 8: Steady laminar compressib le o w around a NACA 0012 airfoil for an angle of attack of 10 degrees, a Reynolds

number of 1000 and a Mach number of 2:0. From left to right:

adapted triangular mesh [22].

iso-Mac h lines; pseudo-mesh visualization of the metric;

Figure 9: Steady laminar compressib le o w around a NACA 0012 airfoil for an angle of attack of 10 degrees, a Reynolds
number of 1000 and a Mach number of 2:0. Pseudo-meshes for the original (left) and smoothed (right) metric.

To illustrate the effect of variouslevels of smoothing,the
next caseis the portraitof GermanmathematiciaBernhard
Riemann(1826—1866).The gray levels of the bitmapphoto
in Fig. 11 are consideredhsthe solutionandtheir Hessian
is usedto constructthe taget metric. Although sucha met-
ric may appearo be nothingmorethanatoy application,it
could eventually be usedfor imageprocessing.Figure 11
shaws the pseudo-meskisualizationof this metric without
ary smoothingaswell asafter 10 and 100 iterationswith
a relaxationfactorof 0:1. Beforeary smoothing,the met-
ric prescribesuniform elementsof size hmax in white re-
gions without ary signi cant variation of the gray levels.
Theseregions are isotropic and appearas blank patchesn
the pseudo-meskisualizationbecausehe tensorline inte-
grationalgorithmcannottreatthem. However, evenoutside
thosepatchesthe tensorlines seemto twist and turn and
do not have ary consistentirectionalityexceptalonghigh-
contrasicontours.Thisis dueto thenoisein the bitmapgray
levels that overwhelmthe metric in the absenceof strong
gradients.Thosealmostdegenerataegionscontaina lot of
isolatedisotropic points, about140 thousanddor this par
ticular case.Whensmoothingis applied,evenonly 10 iter-
ations,theseunstableregionstendto disappeaandthe al-
mostrandomdirectionality becomeamore coherent. How-

ever, Laplaciansmoothingerodessharpfeaturesand, after

100iterationsthe detailsof the photoarewashedut. Para-

doxically, smoothingreducessotropy in almostdegenerate
regions but alsoreducesanisotropy in neighboringregions.

In essenceit redistrilutesanisotroy andexposesacoherent
underlyingdirectionality This obseration is not so much

interestingin the context of visualizationasit is for adapted
meshgeneratiorfrom a pseudo-meshsmentionedn Sec-
tion 5. For visualization theimportantthing to remembeis

that smoothingshouldbe keptto a bareminimum,i.e., just

enoughto eliminatemostdegenerateegionshbut still retain
the structureof the metric eld. How muchis casedepen-
dentbut 10 iterationswith a small relaxationfactoraround
0:1 seemsadequate.

Note furthermorethat adaptatioralgorithmsalsointroduce
at leastsomelevel of smoothingas shawvn in the adapted
meshef Fig. 11. Thosealgorithmsindeedusere nement
andcoarseningriteriabasedn metriclengthand,sincethis
lengthis integratedusingEg. (2), it indirectlysmoothgheef-
fective metric eld seerby thosealgorithms.Furthermorea
regularizationstepis usuallyappliedattheendof theadapta-
tion processandthis stepis little morethansmoothingn the
metric space.Therefore gvenif a smallamountof smooth-
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Figure 10: Unsteady laminar compressib le o w around a NACA 0012 airfoil for a zero angle of attack, a Reynolds number

of 5000 and a Mach number of 0:85. From top to bottom:
triangular mesh.

ing is appliedonthe metricto generatehe pseudo-mestihe
resultingvisualizationis likely to be morefaithful thanthe
corresponding@daptednesh,f onecanbegenerated.

5. FUTURE DEVELOPMENTS

The main applicationof the presentvisualizationmethod
is the study of metric manipulationssuchas smoothingor
interpolationfor example. Metrics constructedwith differ-
ent Hessiancomputationmethodscould also be visualized
andanalyzedwithoutary interferencdrom adaptatioralgo-
rithms. Similarly, differentboundaryconditionscouldbe vi-
sually exploredfor metricsconstructedrom turbulent o ws
with specialwall models.

iso-Mac h lines; pseudo-mesh visualization of the metric; adapted

Thereis, however, still roomfor improvement.For example,
the metriclengthcould be more preciselycomputedduring
the saturationprocess.To further decreaseensorline frag-
mentation,line integration could be stoppedonly if a new
line stayscloseto anexisting onemorethana givenportion
of its length. The mostimportantimprovement,however,
would beto nd amoreefcient way to dealwith isotropic
or almostisotropicregions. For example,the pseudo-mesh
generatiorfor the unsmoothednetric constructedrom the
portrait of Riemann(Fig. 11) requiredhoursof CPU time
onanAMD Athlon runningat 1.4 GHz while the othertest
casestypically requiredonly 5 to 10 minutes. This slow
down wasdueto the almostisotropicregionsandthe sheer
numberof isolatedisotropic points containedby thosere-
gions, i.e., about140 thousands.For eachof thosedegen-



Figure 11: Portrait of German mathematician Bernhar d Riemann (1826-1866). First row, from left to right: photo; adapted
triangular mesh [21]; adapted quadrilateral mesh [21]. Second row, from left to right: pseudo-mesh visualization of the metric
without any smoothing; metric after 10 smoothing iterations; metric after 100 smoothing iterations.

eratepoints, a numberof separatriceiadto be integrated
in an almostdegenerateneighborhood. Thosetensorlines

thusfrequentlychangeddirectionand progressedt a very

slow speedsPresentlythe only solutionis to applya small

amountof smoothingon the metric. However, the limit to

imposeon the amountof smoothingto presere thefeatures
of themetricis still casedependenandthis issueshouldbe

addresseth futuredevelopments.

Furthermore,a pseudo-meslis very closeto a perfectly
adaptedunit meshandit is thustemptingto try to gener
ate a propermeshfrom it, particularly an all-quadrilateral
one.Look, for example,atthe pseudo-meshoundarylayer
in Fig. 12. As attractve assucha methodmay appearthe
visualizationspresentedn the previous sectionshav, how-
ever, thatnotall metricsaresuitablefor the generatiorof an
all-quadrilateraimesh. Take for examplethe metric visual-
izedin Fig. 5. A conformalall-quadrilaterameshis clearly
not feasibleand either hangingnodesor non-quadrilateral

elementshave to be introducedto perfectly matchthe pre-

scribedmetric. This is dueto the decouplingof the pre-

scribedmeshdensityfrom the topologyof thetargetmetric.

Thereis, indeed,no link betweenthe direction of the ten-

sorlinesandthe prescribedargetsize. Basedon the metric

topologyalone the perfectmeshshouldbe a uniform Carte-
siangrid. However, to matchthe prescribedargetsizes this

grid shouldhave varying density If hangingnodesare to

be avoided,thenthis grid cannotbe Cartesiarandthetensor
lines should curve and bifurcate at degeneratepoints, act-

ing assourcesandsinks,to transitionbetweerhigh andlow

densityregions. Thisis exactly whathappensn the adapted
quadrilateralmesh. This suggestghat sometype continu-
ity constraintmustbe enforcedon the metric eld to ensure
thefeasibility of anall-quadrilateramesh.Adequateprepro-
cessingof tagetmetricsshouldbe exploredin future devel-

opments.

Another obstaclefor meshgenerationfrom tensorlines is



Figure 12: Steady laminar compressib le o w around a
NACA 0012 airfoil for an angle of attack of 10 degrees, a
Reynolds number of 1000 and a Mach number of 2:0. De-
tails of the pseudo-mesh of Fig. 8: leading edge (above)
and boundar y layer (below).

their absencén degenerateegionsandtheir randomdirec-
tionality in almostdegenerateones. As mentionedprevi-
ously, alittle smoothingcansolve this problem. This is the
approachusedby Alliez et al. [13] to generatea polygo-
nal surfacemeshfrom a network of curvaturetensorlines.
The resultingmeshesare very attractve and are probably
the closestan automatedmethodcangetto what a human
expert,i.e.,acomputergraphicsartist, would generatanan-
ually. However, in the context of adaptedneshgeneration,
uncontrolled_aplaciansmoothingerodegsoo muchthemain
featuresof themetric. Althoughit givesmoreconsistentli-
rectionsto thetensoilines, it indeedresultsn moreandmore
uniform tamget sizes. Futuredevelopmentsshouldthusim-
prove the smoothingmethodto presere the meshclustering
prescribedy the metric.

However, evenif, with adequatesmoothingandpreprocess-
ing of the metric, the generatiorof a properadaptedmesh
is feasible its costef ciency comparedo simplicial adapta-
tion algorithmsis uncertain. Oneway to improve this ef -
cieng is to amortizethe pseudo-meshonstructiorby gen-
eratinga coarsaneshandthenuniformly splitting theresult-
ing elements. An evenmoreefcient approachwould beto
usethe pseudo-meslo generatean adaptedblock decom-
positionof thedomaincombinedwith afaststructurednap-
ping method.Adaptively re ning block decompositionsias
shavn that the quality of the resultsdependson the topol-
ogy of theinitial blocks[23]. An extensionof the present
work couldeventuallyresultin amethodto generatesuchan
initial block decompositioradaptedo not only the domain
geometry aswith a medial axis approach24], but alsoto
thesolution.

Finally, a three-dimensionaéxtensionof the methodcould
also be exploredin future developments. In three dimen-
sions,themetricisa3 3 symmetricpositive-de nite ma-
trix. The metric eld canthus be decomposednto three
eigervector elds andtensorsurfacesareusednsteadf ten-
sorlinesto form apseudo-meshA tensorsurfaceis perpen-

Figure 13: Pseudo-mesh visualization for a spherical met-
ric.

dicular to one of the eigervector elds andtangentto the
othertwo. Figure13 shavsanearlyresultfor asphericabn-
alytical metric. As canbeseenin this gure, occlusionprob-
lems may not be avoidablein threedimensions.However,
themainpurposeof suchanextensiorwouldbeadaptedex-
dominantmeshgeneratiorandnot visualization.

6. CONCLUSION

The proposedwo-dimensionametric visualizationmethod
extendsthe polygonal surface remeshingalgorithm devel-
opedby Alliez etal.[13] to generate@ network of tensoiines
visually closeto a perfectlyadaptedmesh. Sucha pseudo-
meshvisualizationis intuitive to understanih ameshgener
ationcontext andis not biasedby ary adaptatioralgorithm.
Furthermoreit canbeconstructedvenif apropemeshcan-
not. Both analyticaland solution-basednetricshave illus-
tratedits advantagesaswell asits limitations, particularly
for isotropicmetrics.

Pseudo-meskisualizationis an ideal tool to study metric
manipulationmethodsbut could also be usedto generate
proper all-quadrilateralmeshes. However, not all metrics
canbe usedfor sucha purposeanda preprocessingnethod
shouldbe developedto improve this potential. An adaptve
hex-dominantmeshgeneratiormethodfrom pseudo-meshes
could also be interestingand justify the extensionof the
presenmethodto threedimensions.
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