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ABSTRACT

A surfaceis often approximated by a network of triangular facets. In the absenceof a precisemathematical description
of the underlying surfaceall information about surface properties such as smoothnessand curvature must be inferred
from the triangulation itself. Enrichment and coarsening of the surface geometry, for example, can only be carried
out if singular features, where C* cortinit y is lost, are properly accourted for. In the absenceof a well de ned surface
geometry it is necessaryto extract these features and establish suitable data structures so that the features persist
after enrichment and/or coarsening of the triangulation. This paper describes a feature extraction sdheme that is
basedon estimates of the local normals and principal curvatures at each mesh point. The feature extraction scheme
has been combined with an algorithm that adapts a tetrahedral mesh by the selective enrichment and coarsening of

both the volume and surface triangulation.
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1. INTRODUCTION

Mesh enrichment, coarsening and mesh point move-
ment are fundamental operations employed by mesh
adaptation algorithms. The application of these oper-
ations on a domain boundary involves a modi cation

of the surface triangulation and care must be taken
to ensure that the integrity of the boundary surface
is presened. Sometimes the surface is de ned ana-
lytically by a number of patches with C! contin uity
inside each patch but with a possible loss of C* con-
tinuity along patch boundaries where corners, ridges
and other singular curves may exist. In such cases,
the actual surface is unambiguously de ned and the
projection of a new mesh point onto the surface can
be obtained by interrogating the CAD represertation.

There are, however, many situations when a precise
mathematical description of the surfaceis not known
or not available. The surface may be de ned simply
as a point cloud obtained by a laser scanning device,
or as collection of curves obtained from the segmen-
tation of an MRI scan. A surface triangulation of the
point positions then provides all the available infor-
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mation about the surface, and any assessmen of the
underlying surface properties must be extracted from
the surface triangulation.

This paper considersthe problem of extracting an ad-
equate knowledge base from an existing surface tri-
angulation. The basic premise is that any reasonable
surface is made up of sewral smooth regions where
a well de ned tangent plane can be de ned together
with a number of singular curvesalong which C* con-
tinit y may belost. Any mechanical or other man-made
object falls into this category, as do most biological
specimens that may arise from medical applications
requiring the visualization of organs or other body
structures. Any surface that is essetially random or
chaotic in nature would not t into this category but,
in such cases, the simplest form of interpolation or
point projection would probably su ce.

Early work on feature identi cation was mostly asso-
ciated with researd into pattern recognition [1]. More
recertly, techniques for manipulating and coarsening
surface triangulations have received considerable at-
tention [2, 3] This in turn has stimulated interest in



feature identi cation for surface triangulations [4, 5].

The work described in this paper was motivated by
the needto manipulate and deform tetrahedral meshes
whose boundaries are de ned by conforming surface
triangulations. The examples preserted herein illus-

trate the coarsening and re nement of tetrahedral

mesheswhose boundaries are de ned by surface tri-

angulations containing a number of features. Preser-
vation of the overall surface shape under the action of
mesh coarsening or re nement can only be achieved
if the surface features are accurately detected and ac-
counted for during mesh modi cation.

The following section describes the assumptions that
have been made about the structure of any singular
features and the rules that have beendeveloped to ex-
tract them. The feature extraction rules depend in
part on estimates of the principal curvatures at any
point on the surface which in turn require an estima-
tion of the normal at each point. The procedure for
estimating the normal and curvatures at eadh point
of the surfacetriangulation are described in sections3
and 4. This is followed by a discussionof point projec-
tion on both smooth regions and along singular curves
with anumber of examplesto illustrate the application
of these ideas.

2. FEATURE IDENTIFICA TION

It is assumedthat any feature consistsof a concatena-
tion of two or more edges,eac of which meets certain
requirements that qualify the edgeto be part of a fea-
ture. A feature can therefore be regarded as a simple,
possibly closed, polygonal curve whose straight line
segmers are formed by qualifying edges. The condi-
tion for an edgeto qualify as part of a feature is to
someextent subjective and so a few user speci ed pa-
rameters are required to determine what constitutes
a valid feature edge. The rules that follow attempt
to keep the number of user specied parameters as
small as possible while exploiting reasonableassump-
tions about the geometric characterization of features
assingular curvesseparating regions where the surface
can be regarded as smoothly varying.

2.1 Edge Classi cation

It is assumedthat every triangle T in the surface tri-
angulation hasan orientation de ned by an outward
pointing normal and that every edge e is incident to
at most two triangles in . Let ¢ be the dihedral an-
gle betweenthe normals assciated with the triangles
incident to e; if only one triangle is incident to e then
e is assignedthe value zero.

A feature can arise in dierent ways. Consider, for
example, an object such as a box that is formed by

six planar regions. It is evident that any feature line
corresponds to the intersection of two incident planar
regions. The dihedral angle . of any edgeein the tri-

angulation that lies on the interior of a planar region is
zero while any edgelying along a feature is character-
ized by a non-zero value of .. In this case,the angle
e IS sucien t to determine all feature lines no matter
how coarseor ne the surface triangulation may be.
On the other hand, for an entirely smooth object the
maximum dihedral angle max canbe made arbitrarily

small if the surface tringulation is re ned in a manner
that maintains a lower bound on the triangle aspect
ratio. For an object such as a high aspect ratio ellip-
soid, for example, it is often desirable to characterize
points where the curvature is very high aslying on a
feature, no matter how ne the surface triangulation

may be.

In other words, an edge can belong to a feature if it
possesse®ne or both of the following properties

(&) the dihedral angle . is large, and/or (b)
the principal curvatures 1 and , at either end-
point of the edge satisfy max(j 1j;j 2j) 1 and
min (j 1j;] 2J) 1, and in addition, the edge is
close to the direction of curvature assciated with
min (j 1j;j 2j)-

The edgesare rst classi ed basedon two threshold
valuesof <. Let 4 represen the meanvalue< . >
over all edgese and let 2 =< 2% > 2, bethe
variance of the edge anglesfor the surface mesh. The
threshold angle s is setequal to avr + where

is a user speci ed parameter. The restriction < 1
ensures that at least one edge satises ¢ s ho

matter how ne the triangulation may be.

Let be another userde ned parameter that satis es
> 1> andlet beauserdened angle. Then
de ne the secondthreshold angle to be

da = max(; min ( max , avr T ) 1)

If > max then no edgeswill have dihedral angles
greater than the threshold value ¢, a situation that
may occur for a very ne triangulation of a smooth
object. If the triangulation is fairly coarse, however,
then estimates of the principal curvatures and their di-
rections may not be accurate enoughto apply criterion
(b) above. In this case,the condition that ¢ > 4 is
consideredsu cien t to identify a feature edge. These
considerations prompt the following,

De nition Given constants 4 and s such that

d > s,anedgeeissaidto bedominan tif « > g;
sub-dominan t if g4 e > s and e is incident
to at least one dominant or sub-dominant edge; non-
dominan t otherwise, in other words, if ¢ s orif
d e > s andeisnot incident to a dominant or
sub-dominant edge.



Let Eq4 be alist of all dominant edges,ordered accord-
ing to dihedral angle, with the edge whose dihedral
angle is largest appearing rst. Let Es be alist of all
sub-dominant edgesthat is also arranged in order of
decreasingdihedral angle. Any dominant edgee 2 E4
is considered to be a feature edge by virtue of con-
dition (a) above. A sub-dominant edgee 2 Es will
qualify to be a feature edgeif it meets the additional
requirement speci ed in condition (b).

A somewhat similar form of edge classi cation has
previously been preserted by Jiao and Heath[5] who
de ne the concepts of strong and relatively strong
edgeswhich closely resenble the dominant and sub-
dominant edgesde ned above. The application of con-
dition (b) and the assaiated test to determine whether
a candidate sub-dominant edgeis aligned with a par-
ticular curvature direction is believed to be a novel
aspect of the feature detection scheme preserted in
this paper.

2.2 Point Classi cation

For each point P in the surface triangulation let Xp
be the set of points that are edgeincident to P (i.e.
Q 2 Xp if there exists an edge whose endpoints are
P and Q). Let m = card Xp and d(P;Q) be the
Euclidean distance between P and Q. The average
edgelength Lp assaiated with P is then de ned as
the average edgelength over Xp, or
1 X
Lp = — d(p; 2
p= (P;Q) @

Q2Xp

Let 1 and » bethe principal curvatures at P and let
j bethe index for which j jj= min (j 1j;j 2j). De ne
t1, respectively t,, asthe orthogonal unit vectorslying
in the tangent plane at P that are aligned with the
directions corresponding to the curvatures 1 and .
Now let n to bethe unit normal at P sothat fti;tz;ng
is an orthonormal triad of vectors assaiated with the
point P. A normalized Gaussian curvature is then
de ned for each point P asGp = 1 2L3. Let Gmax

and Gpin  bethe maximum and minimum valuesof the
normalized Gaussian curvature over all surface mesh
points.

De nition

(i) If SmecSmn_ where is a user specied pa-
rameter then all points are said to be smooth .

(i) If Smac—Smn_ > then the point P is said to
be an apex point if more than two incident edgesare
dominant.

Part (i) of this de nition is intended to identify ob-
jects whose boundaries can be regarded as devoid of
features. Without this Iter it is possible that some
spurious features could be identied on objects that
are inherently featureless. A spherewould clearly fall

Figure 1: Ellipsoidwith ratio of minor to major axisequal
to 0.5 hasno features.

Figure 2: Ellipsoidwith ratio of minor to major axisequal
to 0.35 hasa closedloop feature.

into this category. An ellipsoid, however, could be re-
garded as having a closed loop feature in the plane
of symmetry normal to the minor axis if the ratio of
the minor to major axis is small enough. This is il-
lustrated in gures 1 and 2 which show two ellipsoids
whose aspect ratios (length of minor axis divided by
length of major axis) are 0.5 and 0.35 respectively.
With the choice = 0:2 the larger aspect ratio ellip-
soid is considered to be featureless while the smaller
aspect ratio ellipsoid is regarded as having some non-
smooth points. A closed loop feature curve has been
identied for this caseand the edgesthat belong to
this feature are indicated in gure 2 by thicker lines.

If the maximum and minimum values of normalized
Gaussian curvature satisfy condition (ii) of this de -
nition then a seard for possible feature curvesis car-
ried out. Take the rst member ey of E4 and nd
the sequenceof edges,according to the rules given in
subsection 2.3, that together with eq form a feature
curve. Then nd the next edgein E4 that hasnot al-
ready beenassignedto a feature curve and repeat the
processto nd a new feature curve.



When the list of edgesin E4 has been exhausted the
feature assenbly procedure contin uesby examining, in
a similar manner, edgesin Es that have not already
been assignedto a feature curve. The construction of
feature curves stops when the list of edgesin Es has
been exhausted.

De nition

Any non-apex point P that lies on a feature curve is
said to be a ridge point. Any point P that doesnot
lie on a feature curve is said to be a smooth point.

The distinction between apex points and ridge points
plays an important role in the processthat identi es
individual features. An apex point, for example, must
always lie at the terminus of a feature and cannot ap-
pear as an interior point. When coarsening a surface
triangulation, it is permissible to remove a ridge point
P provided the coarsened triangulation contains an
edgeconnecting the feature points that occur immedi-
ately before and after P in the unmodied triangula-
tion. It is also permissible to create a new ridge point
by inserting a surface point at the midp oint of a fea-
ture edge. The set of apex points, however, should
generally be consened; none should be removed dur-
ing coarsening and none should be intro duced during
enrichment.

2.3 Feature Detection and Classi cation

Given a candidate edgee; from either E4 or Es, choose
one endpoint, say P1, and then chedk whether any
other edgeincident to P; is a valid next feature edge.
Let U be the set of all dominant edgese, excluding
e1, that are incident to P; and let V be the set of all
sub-dominant edges,excluding es, that are incident to
P1. The condition for being a valid next feature edge
e, is basedon the following criteria;

(i) If U is not empty choosee; to be the member of
U whosedihedral angle is largest.

(i) If U is empty but V is not empty let e be the
member of V whose dihedral angle is largest. If en
is also the member of V that is most closely aligned
with the direction t; of the minimum of the absolute
values of the principal curvatures 1 and . choose
em asthe next feature edgee;.

If a next feature edgee, has beenfound let P, be the
endpoint of e; that is opposite P;. Replace e; by e
and P;1 by P, and repeat the above searh to nd a
next feature edge. The seard stopsif a point found in
the seard coincideswith the starting point (this indi-
catesa closedfeature curve), or if both terminal points
of the feature have beenfound. A feature terminus has
beenreached if in test (i) edgeen is not the sameas
the edgein V that is most closely aligned with the
direction t;j, or if both setsU and V are empty, or if

P, is an apex point.

After completing the seard for feature edgesin one
direction (i.e. if a feature terminus point has been
found and the feature is not a closedloop) the process
is repeated starting with the original edgee; and the
edgeendpoint opposite the starting point Py until the
secondfeature terminal point hasbeenfound. The fea-
ture points and edgesare then sorted in order starting

from one terminal point and ending at the secondter-

minal point. A data structure is created to link ead
point in the feature to its successorand antecedert in

the feature.

3. SURFACE NORMAL ESTIMATION

The normal at a mesh point P is often computed by
averaging the normals of the incident triangles. An
alternativ e approach that appearsto be lesssensitive
to the shape and connectivity of the incident trian-
glesis basedon nding the plane, passingthrough the
barycenter of the set of points X, that minimizes the
sum of the squared distances from the plane of eat
point in Xp. Let xqo 2 Xp, be the position vector
assaiated with point Q and let

1 X
X= o XQ (3)
Q2Xp

be the barycenter of Xp. If a plane through x has
an orientation given by the unit normal n then the
distance of Q from the plane is givenby hg = n7 (xq
x). It follows that the error to be minimized is given

by X
E(n) = hg @)
Q2Xp
Thus E(n) = nT An where
X T
A= (Xo  X)(Xq X) (5)
Q2Xp

is a symmetric positive semi-de nite matrix.

Let nT = (u;v;w). The required orientation of the
plane through x is found by minimizing E(n) with
respect to the variables u, v and w subject to the con-
straint that n"n = 1. Introducing a Lagrange multi-
plier , the function to be minimized is given by

E(n)=n"An n'n (6)
which leadsto the eigernvalue problem
An= n )

The eigervalues of A correspond to level curves of
the quadric E(n) and the minimum value of E(n) is
given by the smallest eigervalue min . The estimated



normal at P is then chosento be the eigenvector asso-
ciated with in . This minimization procedure deter-
mines the alignment of the vector n but not the sign
of n which can, however, be obtained from the known
orientation of the triangles incident to P.

If all points in Xp lie on a plane whose orientation
is given by the unit vector p then this procedure will
compute p as the estimated normal for the point P.
This can be seenby observing that in this case

(xog X)'p p'(xq X)=0,8Q2Xp (8

It follows that p is in the null-space of A and is there-
fore an eigervector whoseassaiated eigervalue is zero.
Since all eigervalues of A are non-negative, min = 0
in this caseand p will bethe estimated normal at the
point P.

It canbe shown that the sum of the vector areasof the
triangles incident to P will alsoreturn the vector p for
the casewhen all points in Xp lie on a plane normal
to p. The minimization procedure, however, appears
to belesssensitive to perturbations in the positions of
the points in Xp.

A dierent minimization procedure for estimating the
normal at P computes the vector that minimizes the
square of the anglesbetweenn and the edgesincident
to P.

Q
Qo he

tangen

P ___— plane

Figure 3: Tangent plane t through P to minimize
squae angle sum.

De ne

h n"(xq xp)
o= —% =29 "PJ - ¢os 9
¢ Xq  Xp] Xq  Xp] © ©)
where ¢ is the angle betweenn and the edgejoining
Q to P (see gure 3). Now write
X
F= (o 37 (10)
Q2Xp

for the sum of the squaresof the angles. This leads,
however, to a non-linear minimization problem.

The following formulation of the angle square error
doesnot su er from this drawback and has proved to

be reliable and e ectiv e. De ne
X

h= fio (11)

1
m
Q2Xp
where, as before, m = card Xp and let
X
H(n) = (m fg)? (12)

Q2Xp

Minimizing this error function then leadsto the eigen-
value problem

Bn= n (13)
where X
B = (x Ro)(x #Rq)' (14)
Q2Xp
with
X
go= Xo Xe . -1 Ro  (15)
JXq Xp ] m
Q2Xp

The choice of n that minimizes the square error H (n)
is again given by the eigervector assaiated with the
smallest eigervalue of the covariance matrix B.

4. CURVATURE ESTIMATION

The method adopted herefor estimating surfacecurva-
tures and directions was rst described by Hamann [6];
a similar approach has been preserted by Frey [7, 8].
De ne a local orthogonal coordinate system (x;y;z)
whose origin is at P and such that the positive z axis
lies in the direction of the normal n at the point P. It
follows that the x and y axeslie in the tangent plane.
The height hg abovethe tangent plane of a point Q on
the true surface can be expressedas a Taylor seriesin
terms of derivatives evaluated at P and the displace-
ments x and y. The leading terms of this Taylor series
for hg are quadratic in x and y and equal to one half
of the second fundamental form for the surface at P
[9]. Let

z(x;y) = ax® + 2bxy + cy? (16)

be the quadric surface formed by the leading terms of
hg. If the coordinate axesx and y are aligned with
the curvature directions t; and t, at the point P the
quadric then assumesthe form

1 1
2(6y) = 5 X%+ 5 2y° 17)

where 1 and  are the principal curvatures. This
result may be exploited to compute estimates of the
principal curvatures and curvature directions of the
true surface that is represerted by the triangulation.
The paraboloid z(x;y) is assumedto be a valid ap-
proximation over a region extending out to all points
incident to P (i.e. forall Q 2 Xp) and the coe cien ts
a, b and c are then chosenso that z(x;y) provides a



least squares t to the set of heights fhg jQ 2 Xpg
(see gure 4).

The surface triangulation is assumedto have a su -

cient degree of regularity so that this approximation
is reasonable. In particular, if Q is the projection of
Q onto the tangent plane and if Xp = fQjQ 2 Xpg
then all the projected triangles formed by P and the
points in Xp are required to have non-zero area and
the correct orientation.

The points in Xp will not, in general, lie exactly on
the paraboloid but for a sucien tly dense mesh this
approximation of the curvatures at P can be expected
to be reasonably accurate. The least squaresformu-
lation tends to smooth out the e ects of any noise in
the point positions.

The principal curvatures can be thus be obtained [6,
99as 1 = 21; 2 = 2, where ; and ; are the
eigenvalues of the symmetric matrix

a b

C-= b ¢ (18)
It follows that,
1= a+c ; 2= a+c+ (29)
where
= [(a 0o+ 4F]z: (20)

The assaiated eigervectorsty;t, which lie in the tan-

z(x,y) = a% bxy + cy

tangent

P ___— plane

Figure 4: Paraboloid t to the pointsin Xp.

gen plane of P give the orthogonal curvature direc-
tions relative to the local coordinate system (x;y;z).
These are found to be

[—22]7 sgn(b)

[+5212

t; = (21)

and .
[52-C]z
[—2=£1%sgn(b)
When all points in Xp are planar (i.e. all lying in the
tangent plane at P) the coe cien ts a;b;c are all zero

t, = (22)

in which case 1 = 2 = 0and any pair of orthonormal
vectors in the tangent plane can be taken as curvature
directions. The remaining singular caseoccurs at an
umbilic point ( 1 = 2 6 0). In this casea= candb=
0 and any pair of orthonormal vectors in the tangent
plane may again be taken as curvature directions.

It is interesting to investigate the conditions under
which the rank of the covariance matrix for the least
squares problem may be lessthan three, resulting in
a set of equations whose solution is non-unique. Let
f(xi;vi;z)ji = 1, ;mg be the coordinates of the m
points of Xp in the local orthogonal coordinate sys-
tem. The least squaressystem has the form

a
G'G b =G"z (23)
C
where 0 1

xi X1 yi
c=B% . : K @

X?n XmYm Yr%
Sincerank G' G = rank G it is conveniert to examine
the matrix G and determine the conditions that lead
to linear dependenciesamong its columns and rows.

Suppose rst that the columns are linearly dependert
sothat there exist constants and sucdh that

X2+ Xiyi+y?=0,8i=1 ;m (25

This can only occur if y; = rx; for all i = 1; 'm,
wherer is a real root of the equation r2+ r+ = 0.
In other words, the coordinates (xi;yi) of all the pro-
jected points in Xp lie on a straight line through the
origin (i.e. through the point P). This is clearly not
possiblesinceit implies that all the projected triangles
formed by P and the points of Xp have zero area.

Now supposethat rows i, j and k are linearly depen-
dent sothat there exist constants and such that
1 ] 1

xf X xg 0
XiVi XY  XkYk = 0 (26)
A A 4 1 0

This implies that the determinant of the Vandermonde
matrix I

xf xf x2
V= Xi¥Vi XV XYk (27)
VA /A %

is zero. But

detV = (Xiy;  Xjyi)(XiVk XuYi)(Xjyk XkYj) (28)

ThusdetV = 0and alinear dependenceof thesethree
rows exists if the local (x; y) coordinates of at least two
of the points in Xp lie on a straight line through P.
No more than two of the projected points may lie on



any particular straight line through P since otherwise
there would be at least one projected triangle with zero
area. Note also that if two projected points Q;R 2
Xp lie on a straight line through P then they must
necessarily lie on opposite sidesof P (see gure 5 for
an example of a con guration with m = 4 and two
pairs of projected points (Q1;Q3) and (Q2; Q4) that
lie on straight lines through P).

Qs

Figure 5: Projected point pairs (Q1;Q3) and (Qz; Q4)
eachlie on a straight line through P.

It follows that the number of linearly independent
rows, and hencethe rank of G, must bethreeif m 5
leading to a non-singular least squares system. The
m = 4 casewill also be non-singular unless the four
projected points in Xp consist of two pairs that lie
on straight lines through P (see, for example, gure
5). The m = 3 casewill always be non-singular if the
surface triangulation is a closedmanifold. If the man-
ifold is not closedand P lies on the boundary then the
m = 3 casewill be singular if two of the three points
in Xp lie on a straight line through P.

De ne P to be an interior point if it does not lie on
the manifold boundary (if the surface triangulation is
a closed manifold then all points are interior). The
above results can be stated as

Theorem : Let P be an interior point of a surface
triangulation, Xp the set of edgeincident points to
P and let Tp be the assaiated tangent plane. The
least squares estimate of the principal curvatures at
P always has a unique solution if the valenceof P is
either 3 or greater than 4. If the valenceof P is 4 then
there will be a unique solution unlessthe projection of
Xp onto Tp consists of two pairs of points such that
ead pair lies on a line passingthrough the point P.

If the singular casearises, the least squares problem
can be resolved by using the pseudo-inverseto deter-
mine the coe cien ts a, b and c of the approximating
paraboloid.

5. SURFACE POINT PROJECTION

Enrichment of the surface triangulation is carried out
by inserting a new mesh point at the midp oint of the
longest edge for any surface triangle that has been
tagged for re nement. The surfacetriangle is thus re-
placed by two new triangles. Whenever the surface
triangulation is assaiated with a conforming volume
mesh of tetrahedra the tetrahedra incident to the split
edge are simultaneously divided into new tetrahedra
soasto create a modi ed meshthat contains the new
point [10]. When the mesh is coarsenedby edge col-
lapseit is possiblefor the two edgeendpoints to be re-
placed by a new point at the midp oint of the collapsed
edge. In order to maintain the surfacegeometry during
enrichment and/or coarseningof the surfacetriangula-
tion it is therefore necessaryto project the point from
the midpoint of the original surface edgeonto the un-
derlying surface [10]. The manner by which the point
is projected depends on whether or not the edge lies
on a feature curve.

For a non-feature edgelet the two endpoints of be Pg
with position vector xo and P; with position vector
X1, and let the unit normals at these points be ng
and n; respectively. Let n be the unit normal to the
plane in which the new point Q should lie, usually
chosento be to be the plane that bisects the dihe-
dral angle between the two boundary triangles inci-
dent to the edgejoining Py and P;. This plane also
contains the points Py and P; and thus the edgejoin-
ing Po to P;. Then t a cubic polynomial lying in
the plane through the points Py and P; whose tan-
gens at Py and P, are parallel to the corresponding
surface tangent planes. Let ¢ be the vector from the
edgemidp oint to the point Q which lies halfway along
the interpolating cubic curve. The correction ¢ thus
represerts a displacemert in the plane that should be
added to the coordinates of the edge midpoint in or-
der to obtain an approximation to the true boundary
surface. This quadratic recovery procedure based on
Hermite interpolation has been previously described
by Lehner [12]. It should be noted, however, that the
expressionfor the correction ¢ assumesa particularly
simple form when the projection is applied, as here, at
the midpoint of the edgejoining Py and P;.

The tangent vectors to and t; that lie in the desired
plane are
No n _ N1 n

to= ———; t1

; = 29
jno nj jnt nj (29)

Let o be the angle betweent, and the edge vector



X1 Xo. Similarly, dene 1 asthe angle betweent:
and X1 Xo and let mg = tan o, my = tan 1, be
the imp osed slopes of the interpolating curve at eath
endpoint. The displacemert is then given by

(mo my) N

c= 8

(X1 Xo) (30)

For a feature edgethe normal at eat endpoint is not
uniquely de ned and an alternativ e interp olation pro-
cedure must be adopted. In this case,a cubic poly-
nomial is interpolated through the points Py and P;
and the two neighboring points, one on ead side of
Po and Pi. If either Py or Py is a terminus point for
the feature then the interpolating points are changed
appropriately to t a one side cubic polynomial.

Figure 6: Surfacetriangulation for a mechanicalobject.

Figure 7: Feature edgesfor the mechanicalobject.

6. RESULTS

6.1 Feature detection

Figure 7 shows the set of curvesthat were found by
the feature identi cation algorithm for a mechanical
object. Figure 6 shows the surface triangulation from

Figure 8: Cut through the mechanical object showing
the tetrahedral mesh.

which the feature edgesforming these curveswere ex-
tracted. It is apparent from gure 6 that most features
on this object are unambiguously de ned. This ex-
ample therefore represerts a relativ ely simple test for
which an e ectiv e feature extraction method should
not experienceany dicult yin nding the majority of
feature curves. It is alsoreasonableto assumethat this
example would be relativ ely insensitive to the choice of
user de ned constants. The constants that were used
for all the casesshown in this paperare = 30; =2
and = 0. Figure 8 shaws a cut through this mechan-
ical object to display someof the tetrahedra that form
a volume mesh throughout its interior.

A more challenging example for which the feature
curves are not sowell de ned is preserted in gure 9
which shows a surfacetriangulation of a pig. The iden-
ti cation of features in this caseis a highly subjective
exercise. Indeed, if the triangulation were su cien tly
ne for the underlying surfaceto be captured to a high
degree of smoothness then it would be reasonableto
regard the object as being devoid of features. The
number of feature curvesthat are actually detected
will therefore depend on the neness of the triangula-
tion in addition to the values set for the user de ned
constants. Figure 10 shows the feature curves that
were identi ed for the triangulation shown in gure 9
and for the constants assumedhere ( = 30 ; = 2,

= 0). The broad outline of the animal is evident
although it could perhaps be mistaken for a dog based
on the feature curvesalone. Figure 11 preserts a cut
through the pig to show someof the tetrahedra cover-
ing the interior.

6.2 Enrichment and Coarsening

The feature extraction algorithm has been combined
with a suite of routines for adapting tetrahedral
meshes [10]. These adaptation routines carry out
coarsening and enrichment of meshesas well as im-



Figure 9: Surfacetriangulation for a pig.

Figure 10: Feature edgesfor the pig.

proving mesh quality through a variety of edge/face
swaps. Additional routines monitor mesh quality in
order to trigger mesh adaptation that will recover a
good quality meshfollowing any meshmovemert asso-
ciated with time evolving domains [11]. Figures 12 and
13 show the surface triangulation and a cut through
the assaiated tetrahedral meshfor the mechanical ob-
ject after enrichment to increasethe number of surface
points by a factor of four. Figures 14 and 15 show
the corresponding views after coarseninghas beenap-
plied to reduce the number of original surface points
to about 50% of the original nhumber.

Figures 16 and 17 show the surface triangulation and
a cut through the assciated tetrahedral mesh for the
pig after enrichment. Finally, gures 18 and 19 show
corresponding views of the pig after coarsening has
been applied.
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Figure 14: Surfacetriangulation of the mechanicalob-
ject after meshcoasening.

Figure 12: Surfacetriangulation of the mechanicalob-
ject after meshenrichment.

Figure 13: Cut through tetrahedralmeshfor the enriched
mechanicalobject.

Figure 15: Cut through tetrahedral meshfor the coas-
enedmechanicalobject.



Figure 16: Surfacetriangulation for the pig after mesh
enrichment.

Figure 18: Surfacetriangulation for the pig after mesh
coasening.

Figure 17: Cut through tetrahedral mesh for the pig
after meshenrichment.

Figure 19: Cut through tetrahedral mesh for the pig
after meshcoasening.



